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Abstract
Recently, Oettli and Schläger obtained existence results for a class of vectorial
equilibrium problems involving g-monotone multimaps. In this paper, we obtain sharpened
generalizations of their results. We are based on the KKM theorems for generalized convex
spaces and fixed point theorems for the better admissible class of multimaps.  2002
Elsevier Science (USA). All rights reserved.
1. Introduction
Let X be a convex subset in a topological vector space (t.v.s.) E, and
f :X ×X→ R a given function such that f (x, x) 0 for all x ∈ X. The scalar
equilibrium problem in the sense of Blum and Oettli [1] deals with the existence
of
x ∈X such that f (x, y) 0 ∀y ∈X. (1)
This problem subsumes in particular optimization problems, Nash equilibria in
noncooperative games, and variational inequalities. In certain cases, the function
f (·, ·) is assumed to be pseudomonotone [2] or maximal pseudomonotone [3].
In order to unify the general case and the pseudomonotone case, Oettli and
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Schläger [4] introduced another function g :X × X → R and defined the g-
monotonicity and the maximal g-monotonicity of f .
Moreover, in 1998, Oettli and Schläger [5] obtained existence results for a
class of vectorial equilibrium problems involving g-monotone multimaps. This
was carried out as follows: there is given a multimap f :X×X Z,Z a real t.v.s.
For each x ∈X there is given a closed convex cone P(x)⊂Z with P(x) =Z and
intP(x) = ∅. (We use ⊂ instead of ⊆ in [4,5].) Then one asks for the existence of
x ∈X such that f (x, y) ⊂ − intP(x) ∀y ∈X. (2)
For technical reasons the following notion of g-monotonicity is used: for all
x, y ∈X,
f (x, y) ⊂ − intP(x) ⇒ g(x, y)⊂−P(y), (3)
where g :X×X Z is another multimap. The associated maximal g-monoton-
icity requires, in addition, that for all x ∈X,
g(x, y)⊂−P(y) ∀y ∈X ⇒ f (x, y) ⊂ − intP(x) ∀y ∈X. (4)
It is interesting to note that the convex cones − intP(x) and −P(y) occurring in
(2)–(4) can be replaced by more general sets C(x) and D(y). This was done in
Theorem 1 of [5]. Then, in Corollary 1 of [5], the requirement (4) was replaced
by other, more practical, conditions.
In the second part of [5], a combination of equilibria and variational inequal-
ities, called mixed equilibria, was considered: Given an additional multimap
T :XL(E,Z), we are concerned with the existence of
x ∈X and ξ ∈ T (x) such that
f (x, y)+ 〈ξ, y − x〉 ⊂ − intP(x) ∀y ∈X. (5)
The monotonicity requirement in this case does not refer to the map f (x, y) itself,
but rather to the family of mappings f (x, y)+ 〈ξ, y − x〉 for all ξ ∈ T (X).
It should be noticed that the main tools in [5] were the KKM theorem due to Ky
Fan and the Fan–Glicksberg fixed point theorem. Those theorems are extended by
the author to the KKM theorems for generalized convex spaces [6–9] and to fixed
point theorems for the better admissible class of multimaps [7,10–12]. Therefore,
from our new theorems, we can obtain sharpened generalizations of the whole
results in [5]. Our main aim in this paper is to obtain such generalizations con-
taining much more particular cases and, consequently, we show that theoretical
grounds are much deeper than what we have thought.
2. Generalized convex spaces and the KKM theorems
We recall the following in [6–14]:
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A generalized convex space or a G-convex space (X,D;Γ ) consists of a
topological space X and a nonempty set D such that for each N = {z0, z1, . . . , zn}
⊂D, there exist a subset Γ (N)= ΓN of X and a continuous function φN :∆n→
Γ (N) such that J ⊂ {0,1, . . . , n} implies φN(∆J )⊂ Γ ({zj : j ∈ J }), where ∆n
is an n-simplex with vertices v0, v1, . . . , vn and ∆J = co{vj : j ∈ J } the face of
∆n corresponding to J .
In case to emphasize X ⊃D, (X,D;Γ ) will be denoted by (X ⊃D;Γ ); and
if X =D, then (X;Γ ) := (X,X;Γ ).
There are a large number of examples of G-convex spaces. Typical examples
are convex subsets of a t.v.s., convex spaces in the sense of Lassonde, and
C-spaces due to Horvath. For other examples, see [6–9,13] and references therein.
For a G-convex space (X,D;Γ ), a multimap F :DX is called a KKM map
if ΓN ⊂ F(N) for each N ∈ 〈D〉, where 〈D〉 denotes the set of all nonempty finite
subsets of D.
The following due to Knaster, Kuratowski, and Mazurkiewicz (simply, KKM)
and others is well-known:
The KKM Principle. Let D be the set of vertices of an n-simplex ∆n and
F :D∆n be a KKM map (that is, coN ⊂ F(N) for each N ∈ 〈D〉) with closed
(resp. open) values. Then⋂z∈D F(z) = ∅.
For a multimap F :DX, we define a multimapF :DX by F(z) := F(z)
for all z ∈D, where denotes the closure operator.
The following is a KKM theorem for G-convex spaces due to the author
[6,8,9]:
Theorem 2.1. Let (X,D;Γ ) be a G-convex space and F :D X a multimap
such that
(1) F has closed (resp. open) values; and
(2) F is a KKM map.
Then {F(z)}z∈D has the finite intersection property.
Furthermore, if
(3) ⋂z∈M F(z) is compact for some M ∈ 〈D〉,
then we have
⋂
z∈D
F(z) = ∅.
From the closed version of Theorem 2.1, we deduced the following equivalent
formulation in [9]:
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Theorem 2.2. Let (X,D;Γ ) be a G-convex space and F :D X a map such
that
(1) ⋂z∈D F(z)=
⋂
z∈D F(z) (that is, F is transfer closed-valued);
(2) F is a KKM map; and
(3) ⋂z∈M F(z) is compact for some M ∈ 〈D〉.
Then we have
⋂
z∈D F(z) = ∅.
For a G-convex space (X ⊃ D;Γ ), a subset Y of X is called a G-convex
subspace of (X ⊃ D;Γ ) if (Y,Y ∩ D;Γ ′) is a G-convex space where Γ ′A :=
ΓA ∩ Y for A ∈ 〈Y ∩D〉.
For a G-convex space (X ⊃ D;Γ ), we obtained another form of the KKM
theorem with a more general coercivity (or compactness) condition in [9]:
Theorem 2.3. Let (X ⊃ D;Γ ) be a G-convex space, K a nonempty compact
subset of X, and F :DX a multimap such that
(1) ⋂z∈D F(z)=
⋂
z∈D F(z);
(2) F is a KKM map; and
(3) for each N ∈ 〈D〉, there exists a compact G-convex subspace LN of X
containing N such that
LN ∩
⋂{
F(z): z ∈ LN ∩D
}⊂K.
Then K ∩⋂{F(z): z ∈D} = ∅.
3. Better admissible multimaps
Let (X,D;Γ ) be a G-convex space and Y a topological space. We define the
better admissible classB of multimaps from X into Y as follows [7]:
F ∈B(X,Y )⇔ F :X Y is a map such that for any N ∈ 〈D〉 with |N | =
n+ 1 and any continuous map p :F(ΓN)→∆n, the composition
∆n
φN−→ΓN
F |ΓN F(ΓN)
p−→∆n
has a fixed point.
Let X be a nonempty convex subset of a t.v.s. E and Y a topological space.
A polytope P in X is any convex hull of a nonempty finite subset of X; or a
nonempty compact convex subset of X contained in a finite dimensional subspace
of E.
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For multimaps defined on a convex setX, the better admissible classB reduces
to the following [10–12]:
F ∈B(X,Y )⇔ F :X Y is a map such that for any polytope P in X and
any continuous map f :F(P)→ P , f ◦ (F |P ) :P  P has a fixed point.
Subclasses of B are classes of continuous functions C, the Kakutani maps
K (u.s.c. with closed convex values and codomains are convex spaces), the
Aronszajn mapsM (u.s.c. with Rδ values), the acyclic maps V (u.s.c. with acyclic
values), the Powers maps Vc (finite compositions of acyclic maps), the O’Neill
maps N (continuous with values of one or m acyclic components, where m is
fixed), the approachable maps A (whose domains and codomains are uniform
spaces), admissible maps of Górniewicz, σ -selectionable maps of Haddad and
Lasry, permissible maps of Dzedzej, the class K+c of Lassonde, the class V+c of
Park et al., and approximable maps of Ben-El-Mechaiekh and Idzik, and many
others. Those subclasses are all examples of the admissible class Aκc of Park.
Some examples of maps inB not belonging toAκc were given recently. For details,
see [7,10–12].
We give another class of multimaps:
For any topological space Y and a G-convex space (X,D;Γ ), a map T :Y 
X is called a Φ-map if there exists a map S :Y D such that
(i) for each y ∈ Y , M ∈ 〈S(y)〉 implies ΓM ⊂ T (y); and
(ii) Y =⋃{intS−(x): x ∈D}.
The following is given in [14]:
Lemma 3.1. Let K be a Hausdorff compact space, (X,D;Γ ) a G-convex space,
and T :KX a Φ-map. Then T has a continuous selection f :K→X; that is,
f (y) ∈ T (y) for all y ∈ K . More precisely, there exist two continuous functions
p :K → ∆n and φN :∆n → ΓN such that f = φ ◦ p for some N ∈ 〈D〉 with
|N | = n+ 1.
4. Existence of equilibria
In this section, we begin with the following general existence theorem for
solutions of vectorial equilibrium problems involving g-monotone multimaps:
Theorem 4.1. Let (X ⊃ Y ;Γ ) be a G-convex space and Z a nonempty set.
Let C :X Z, D :Y  Z, f :X × X Z, g :X × Y  Z be multimaps and
F :Y  X a multimap defined by F(y) := {x ∈ X: g(x, y)⊂ D(y)} for y ∈ Y .
Suppose that
(i) ∀x ∈X, ∀y ∈ Y , f (x, y) ⊂ C(x)⇒ g(x, y)⊂D(y);
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(ii) F is transfer closed-valued;
(iii) ∀x ∈X, {y ∈X: f (x, y)⊂ C(x)} is Γ -convex;
(iv) ∀x ∈X, g(x, y)⊂D(y) ∀y ∈ Y ⇒ f (x, y) ⊂ C(x) ∀y ∈ Y ;
(v) ∀x ∈X, f (x, x) ⊂ C(x); and
(vi) ⋂y∈M F(y) is compact for some M ∈ 〈Y 〉.
Then there exists an x ∈X such that f (x, y) ⊂ C(x) for all y ∈ Y .
Proof. Note that (ii) means
⋂
y∈Y
F (y)=
⋂
y∈Y
F (y). (6)
We claim that F :Y  X is a KKM map. In fact, for any {y1, . . . , yn} ∈ 〈Y 〉,
suppose that there exists an x ∈ Γ ({y1, . . . , yn}) such that x /∈ F(yi) for all i . Then
g(x, yi) ⊂ D(yi) for all i = 1,2, . . . , n and hence, by (i), we have f (x, yi) ⊂
C(x). Now by (iii), we have f (x, x)⊂ C(x), which contradicts (v). Therefore,
F :Y X is a KKM map. (7)
Note that (vi) is the same to condition (3) of Theorem 2.2 with Y =D. Therefore,
by Theorem 2.2, we have an x ∈⋂y∈Y F (y). Hence g(x, y)⊂D(y) for all y ∈ Y .
By (iv), this implies f (x, y) ⊂ C(x) for all y ∈ Y . ✷
Remark. Theorem 4.1 reduces to Oettli and Schläger [5, Theorem 1] whenever
X = Y is a compact convex subset of a t.v.s., Z is a t.v.s., and F is closed-valued.
Theorem 4.1′. Under the hypothesis of Theorem 4.1, let us replace (vi) by the
following:
(vi′) there exists a nonempty compact subset K of X such that for any N ∈ 〈Y 〉,
there exists a compact G-convex subspace LN of X containing N such that
LN ∩
⋂
y∈LN∩Y
F (y)⊂K.
Then there exists an x ∈K such that f (x, y) ⊂ C(x) for all y ∈ Y .
Proof. As in the proof of Theorem 4.1, F :Y  X is a KKM map. Further,
(vi′) implies condition (3) of Theorem 2.3. Therefore, by our KKM Theorem 2.3,
we have an x ∈K such that x ∈⋂{F(y): y ∈ Y }. Hence g(x, y)⊂D(y) for all
y ∈ Y . By (iv), this implies f (x, y) ⊂ C(x) for all y ∈ Y . This completes our
proof. ✷
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Remark. In the case when X = Y is a convex subset of a t.v.s., Z a t.v.s., and F
is closed-valued, Oettli and Schläger [5, Remark 1] observed that the following
coercivity condition works instead of (vi):
(vi′′) there exists a nonempty compact set K ⊂ X and a compact convex subset
L ⊂ X such that, for every x ∈ X\K , there exists y ∈ L with g(x, y) ⊂
D(y).
We show that (vi′′)⇒ (vi′). In fact, we can put LN = co(L ∪ N). For any
x ∈X\K and y ∈L⊂ LN satisfying g(x, y) ⊂D(y), we have
x /∈ {x ∈X: g(x, y)⊂D(y)}= F(y).
Let X and Z be t.v.s. According to [5], given a multimap h :X Z and a
convex cone P ⊂ Z, we say that h is right P -convex if, for all x, y ∈ X and
α ∈ [0,1],
h
(
αx + (1− α)y)⊂ αh(x)+ (1− α)h(y)− P.
Similarly, h is said to be left P -convex if
h
(
αx + (1− α)y)+ P ⊃ αh(x)+ (1− α)h(y).
If h is single-valued, then both notions coincide with ordinary P -convexity.
Let X be a nonempty convex subset of a t.v.s. E. For every x ∈X, let P(x) be
a closed convex cone (not necessarily pointed) of a t.v.s. Z such that intP(x) = ∅
and P(x) =Z.
We use Theorem 4.1′ to the case X = Y , g(x, y) := −f (x, y), C(x) :=
− intP(x), D(x) := −P(x), and obtain the following more practical form as
in [5]:
Corollary 4.2. LetX be a nonempty convex subset of a t.v.s.E and f :X×X Z
a map such that
(i) for all x, y ∈X, f (x, y) ⊂ − intP(x) implies f (y, x)⊂−P(y);
(ii) for all y ∈X, f (y, ·) is l.s.c.;
(iii) for all x ∈X, f (x, ·) is right P(x)-convex;
(iv) the map intP(·) has open graph in X×Z;
(v) for all x, y ∈X, f (·, y) is u.s.c. and compact-valued on [x, y];
(vi) for all x ∈X, f (x, x) ⊂ − intP(x); and
(vii) there exists a nonempty compact subset K of X such that for any N ∈ 〈X〉,
there exists a compact convex subset LN of X containing N such that
LN\K ⊂
⋃
y∈LN
{
x ∈X: f (x, y)⊂− intP(x)}.
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Then there exists
x ∈K such that f (x, y) ⊂ − intP(x) ∀y ∈X.
Remark. [5, Corollary 1] is just Corollary 4.2 with condition (vi′′) instead of (vii).
5. Mixed equilibria
In this section, let E and Z be t.v.s. and L(E,Z) denote the space of all
continuous linear operators E → Z. For φ ∈ L(E,Z), we write 〈φ,x〉 := φ(x)
and, for Φ ⊂ L(E,Z), 〈Φ , x〉 := {〈φ,x〉: φ ∈ Φ}. Suppose that L(E,Z) is
topologized in such a way that it is a Hausdorff t.v.s. and 〈·, ·〉 is continuous on
M × E whenever M ⊂ L(E,Z) is compact. The map P :X Z remains as in
Section 4.
Theorem 5.1. Let X be a nonempty compact convex subset of E,M ⊂ L(E,Z)
a nonempty compact convex subset, and f,g :X×X Z. Suppose that
(i) T ∈B(X,M);
(ii) for all y ∈X, g(·, y) is l.s.c. and compact-valued;
(iii) for all x ∈X, f (x, ·) and g(·, x) are right P(x)-convex;
(iv) for all x, y ∈ X and ξ ∈ M, if f (x, y) + 〈ξ, y − x〉 ⊂ − intP(x), then
g(x, y)− 〈ξ, y − x〉 ⊂ −P(y);
(v) for all x ∈ X and ξ ∈ M, if g(x, y) − 〈ξ, y − x〉 ⊂ −P(y) ∀y ∈ X, then
f (x, y)+ 〈ξ, y − x〉 ⊂ − intP(x) ∀y ∈X; and
(vi) for all x ∈X, f (x, x) ⊂ − intP(x).
Then there exist x ∈X and ξ ∈ T (x) such that
f (x, y)+ 〈ξ, y − x〉 ⊂ − intP(x) ∀y ∈X.
Proof. By condition (v) it suffices to show the existence of (x, ξ) satisfying
x ∈X, ξ ∈ T (x), g(x, y)− 〈ξ , y − x〉⊂−P(y) ∀y ∈X. (8)
Since −P(y) = ⋂{z − P(y): z ∈ intP(y)}, (8) holds if, for all y ∈ X and
z ∈ intP(y), (x, ξ) is contained in
R(y, z) := {(x, ξ) ∈X×M: ξ ∈ T (x), g(x, y)− 〈ξ, y − x〉 ⊂ z− P(y)}.
As in the proof of [5, Theorem 2], the Hausdorff compact set M is covered by the
open sets
U(x) :=
m⋂
j=1
{
ξ ∈M: g(x, yj )− 〈ξ, yj − x〉 ⊂ zj − intP(yj )
}
, x ∈X.
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Hence there exist a finite subcover U(x1), . . . ,U(xn) and a continuous partition
of unity β1, . . . , βn subordinate to this subcover; i.e., nonnegative continuous
functions βi :M→Rwith∑ni=1 βi(ξ)= 1 for all ξ ∈M and ξ ∈U(xi)whenever
βi(ξ) = 0. Then p(ξ) :=∑ni=1 βi(ξ)xi ∈Q = co{xi : 1  i  n} ⊂ X defines a
continuous map p :M→X. Since T ∈B(X,M), (p|T (Q))(T |Q) :QQ has a
fixed point x ′ ∈ p(T (x ′)). Hence there exists ξ ′ ∈ T (x ′) such that x ′ := p(ξ ′)=∑
i∈I βi(ξ ′)xi , where I := {i: βi(ξ ′) > 0}. Then, from (iii) and ξ ′ ∈ U(xi) for all
i ∈ I , it follows for all j that
g(x ′, yj )− 〈ξ ′, yj − x ′〉 ⊂
∑
i∈I
βi(ξ
′)
(
g(xi , yj )− 〈ξ ′, yj − xi〉
)− P(yj )
⊂ zj − intP(yj )− P(yj )
⊂ zj − P(yj ),
hence (x ′, ξ ′) ∈R(yj , zj ), and this proves (8). ✷
Remarks. 1. [5, Theorem 2] is a particular case of Theorem 5.1 when L(E,Z) is
locally convex and T :XM is u.s.c. with nonempty closed convex values.
2. Theorem 5.1 remains true whenever the compactness of X is replaced by
the following coercivity condition:
(vii) there exists a nonempty compact subset K of X such that for each N ∈ 〈X〉
there exists a compact convex subset LN of X containing N such that
for each x ∈ LN\K and ξ ∈ T (x) there exists a y ∈ LN with g(x, y) −
〈ξ, y − x〉 ⊂ −P(y).
The proof is similar to that of remark after Theorem 4.1′. As in [5], from
Theorem 5.1, we can deduce the following:
Corollary 5.2. Let X be a nonempty convex subset of E, M ⊂ L(E,Z) a non-
empty compact convex subset, and f :X×XZ. Suppose that
(i) T ∈B(X,M);
(ii) for all y ∈X, f (y, ·) is l.s.c. and compact-valued;
(iii) for all x ∈X, f (x, ·) is right P(x)-convex;
(iv) for all x, y ∈ X and ξ ∈ M, if f (x, y) + 〈ξ, y − x〉 ⊂ − intP(x), then
f (y, x)− 〈ξ, y − x〉 ⊂ −P(y);
(v) for all x, y ∈X, f (·, y) is u.s.c. on [x, y], and intP(·) has open graph;
(vi) for all x ∈X, f (x, x) ⊂ − intP(x); and
(vii) there exists a nonempty compact subset K of X such that for each N ∈ 〈X〉
there exists a compact convex subset LN of X containing N such that
for each x ∈ LN\K and ξ ∈ T (x) there exists a y ∈ LN with f (x, y) +
〈ξ, y − x〉 ⊂ − intP(x).
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Then there exist an x ∈K and a ξ ∈ T (x) such that
f (x, y)+ 〈ξ, y − x〉 ⊂ − intP(x) ∀y ∈X.
Remark. If L(E,Z) is locally convex and T is u.s.c. with nonempty closed
convex values, then Corollary 5.2 reduces to [5, Corollary 2].
6. Further existence results
In this section, we obtain generalized forms of the results of Section 4 in [5]:
Theorem 6.1. Let A be a Hausdorff space, (B ⊃ D;Γ ) a G-convex space, and
T ∈B(B,A) a compact map. Let G,H ⊂A×B have the following properties:
(i) for all y ∈B and x ∈ T (y), (x, y) ∈H ;
(ii) for all y ∈B , {x ∈A: (x, y) /∈G} is open in A;
(iii) for all x ∈A, {x ∈B: (x, y) /∈H } is Γ -convex; and
(iv) H ⊂G.
Then there exists an x ∈A such that (x, y) ∈G for all y ∈ B .
Proof. Suppose that such an x does not exist. Then for each x ∈ A, there exists
a y ∈ B such that (x, y) /∈G and hence (x, y) /∈ H by (iv). Let K := T (B) and
define a multimap S :K B by
S(x) := {y ∈B: (x, y) /∈H}, x ∈K.
Then each S(x) is Γ -convex by (iii), and
K ⊂A=
⋃
y∈B
{
x ∈A: (x, y) /∈G}=
⋃
y∈B
int
{
x ∈A: (x, y) /∈H}
=
⋃
y∈B
intS−(y).
SinceK is compact and S :KB is aΦ-map, by Lemma 3.1, S has a continuous
selection f :K→ B such that f = φN ◦p for some p :K→∆n, φN :∆n → ΓN ,
and N ∈ 〈D〉. Since T ∈B(B,A), the composition
∆n
φN−→ΓN
T |ΓN T (ΓN) ↪→K p−→∆n
has a fixed point e0 ∈∆n. Then e0 ∈ (p ◦ T ◦ φN)(e0) and
y0 := φN(e0) ∈ (φN ◦ p ◦ T )(y0)= (f ◦ T )(y0)⊂ (S ◦ T )(y0).
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Hence there exists an x0 ∈ T (y0) such that y0 ∈ S(x0). Note that x0 ∈ T (y0)
implies (x0, y0) ∈H by (i). On the other hand, y0 ∈ S(x0) implies (x0, y0) /∈H , a
contradiction. ✷
For a convex subset B of a t.v.s., Theorem 6.1 reduces to the following:
Theorem 6.2. Let A be a Hausdorff space, B a convex subset of a t.v.s., G,H ⊂
A× B , and T ∈B(B,A) a compact map. Suppose that (i)–(iv) of Theorem 6.1
holds (obviously Γ -convex means the usual convexity). Then there exists an x ∈A
such that (x, y) ∈G for all y ∈ B .
Remark. [5, Theorem 3] is a particular form of Theorem 6.2 for the case where A
is a compact convex subset of a locally convex t.v.s. and T is an u.s.c. multimap
with nonempty closed convex values.
From Theorem 6.2, we obtain the following improved version of [5, Theo-
rem 4]:
Theorem 6.3. Let A be a Hausdorff compact space, B a convex subset of a t.v.s.,
and T ∈B(B,A) such that T (B) = A. Let F,G ⊂ A × B have the following
properties:
(i) for all y ∈ B and x ∈ T (y), (x, y) ∈ F ;
(ii) for all y ∈ B , {x ∈A: (x, y) /∈G} is open in A;
(iii) for all x ∈A, {y ∈ B: (x, y) /∈ F } is convex;
(iv) F ⊂G; and
(v) for all v, y ∈B , v = y , and all x ∈ T (v),
(x,u) ∈G ∀u ∈ [v, y] implies (x, y) ∈ F.
Then there exists x ∈A such that (x, y) ∈ F for all y ∈ B .
Proof. By puttingH := F in Theorem 6.2, we have an x ∈A such that (x,u) ∈G
for all u ∈ B . Since x ∈ T (v) for some v ∈ B , it follows from (v) and (i) that
(x, y) ∈ F for all y ∈ B . ✷
Literature on examples can be seen in [5] and references therein.
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